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Abstract—Toroidal transformers provide increased design flexi-
bility, efficiency, and compact design when compared to traditional
shell- or core-type transformers. In this paper, the steady-state
thermal analysis for toroidal transformers is conducted using a
lumped parameter model which can be applied to small power
and distribution-grade toroidal transformers as well. Two cases
are considered: 1) when the transformer is kept in open air and
2) when it is installed in sealed enclosures. The detailed model
includes the effects of the number of turns of windings, number
of layers, insulation properties, and geometric properties of the
transformer. The model is capable of finding the hotspots that are
of paramount importance for the designer. The model parameters
are calculated from the design (geometrical) information; there-
fore, it is suitable to be included in the design loop of transformer
design software. The results are compared with finite-element sim-
ulations and lab tests on prototypes of various power ratings fitted
with thermocouples to record internal temperatures. The model
can also be used with varied external media and encapsulation,
such as air, oil, and epoxy.

Index Terms—Equivalent thermal circuit, finite-element
method, heat transfer, thermal rating, toroidal transformers.

NOMENCLATURE

High voltage.

Low voltage.

Hottest spot temperature.

Total ohmic loss in transformer (in watts).

Heat-transfer coefficient .

Thermal conductivity (in W/m.K)

Nusslet number.

Grashoff’s number.

Prandtl number.

Rayleigh number.

I. INTRODUCTION

T HE first transformer was built by Faraday in 1831 on a
toroidal core [1]. These days, toroidal transformers are

mostly being used in power supplies for avionics, audio sys-
tems, and electronic equipment rated for low voltages and rel-
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atively low power [2], [3]. Transformers used in bulk power
transmission are of core-type or shell-type construction. Over
the years, considerable research has been conducted on thermal
modeling of oil-immersed transformers. Equivalent electrical
circuits with nonlinear resistors have been used to model the air
or oil convection currents [4] in transformers. Models based on
the equivalent thermal circuit have also been proposed to deter-
mine the top-oil temperature (TOT) and the hottest spot temper-
ature (HST) [5]–[7]. A finite-element method (FEM)-based 3-D
model was used to simulate and study the temperature distribu-
tion within a toroidal transformer [8]. The application of toroidal
transformers in power transmission and distribution at medium
voltage (MV) is stunted. This so not only because its construc-
tion could be more expensive than traditional designs, but per-
haps due to the lack of previously published research work.

The toroidal construction has many advantages over standard
power transformers. For example: the lack of an air gap in the
toroidal core allows for higher design flux density. The closed
geometry (where the second winding completely covers the
first) produces a transformer with a smaller leakage inductance
than that of traditional designs producing transformers with
small regulation. In addition, the acoustic noise and electro-
magnetic emissions are smaller. In an effort to forward the
advantages of toroidal transformers to distribution systems,
the U.S. Department of Energy has funded a project to design
and develop toroidal transformers for MV distribution systems.
This paper is part of a series of papers describing solutions
to problems related to the design and construction of these
utility-grade transformers. Equations to accurately compute
the leakage impedance have been obtained and verified experi-
mentally in [9]. The insulation design based on the propagation
of the impulse wave in windings on the toroidal core has been
presented in [10].

The power rating of a transformer is limited by the tempera-
ture of the hot spots. This paper describes a procedure to set up
a thermal model of toroidal transformers. The model can accu-
rately predict the temperature of each winding layer along four
directions. This model can be used to study temperature distri-
bution for transformers used in MV distribution systems.

Results from the model are compared with finite-element
simulations yielding a good match. The proposed model was
also validated with a set of prototypes (of various power rat-
ings) especially built with thermocouples placed at strategic
locations within the transformer. The model has proven to be
sufficiently accurate and efficient for practical implementation
in a design program.

II. GEOMETRIC ARRANGEMENT

Traditional core-type or shell-type transformers consist of
uniform windings around the core. This makes it easy to per-
form thermal studies using lumped parameter thermal circuits
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Fig. 1. Top view of the toroidal transformer showing winding distribution.

[4]–[7]. Fig. 1 shows the uneven winding distribution due to the
geometry of the toroidal core. The core has an unequal surface
area on the inside and the outside surface because of the smaller
radius . Hence, the conductor spacing is
more on the outside than on the inside. Since the cross-sectional
area of the conductor remains the same everywhere, the con-
ductors’ bundle is thicker on the inside and thinner on the out-
side. This is also applicable to any insulation wrapped between
layers. Since a large temperature gradient exists within an insu-
lator, this nonuniform distribution of insulation thickness on the
inside and outside is of critical importance to this study.

The unequal surface areas and the nonuniform distribution
of windings on the toroidal core leads to a complex analysis
explained in Section IV.

The transformer under study consists of a toriodal core, cov-
ered by a layer of insulation. The LV windings with layers are
wound first on the insulated core followed by the layers of the
HV windings. The insulation class requirements may cause in-
sulation layers to be added between layers of the HV windings.
This reduces thermal performance and, hence, accurate thermal
modeling is a crucial step in the design of a distribution-grade
toroidal transformer.

III. EQUIVALENT THERMAL CIRCUIT

The thermal-electric analogy for the analysis of heat-transfer
phenomena is well known and a good explanation can be found
in [14] and [16]. The core and both windings are metallic ma-
terials (steel and copper) and, hence, offer high thermal con-
ductivity . The windings carry current and produce heat due
to ohmic losses. The eddy current losses and hysteresis losses
constitute the core losses. Therefore, in the electrical equiva-
lent circuit, the windings and the core are modeled as current
sources. The insulation is essentially made of several layers of
thin Mylar wound tape, having low electrical and thermal con-
ductivity and, so, the insulation layers are modeled as thermal
resistors in the circuit.

Fig. 2 shows the thermal equivalent circuit superimposed on
the axial slice geometry of a typical toroidal transformer. The
uneven distribution of windings causes an uneven temperature
field around the core. Therefore, an equivalent thermal circuit
is proposed for each of the four directions; namely, top, outer,
bottom, and inner directions. The detailed equivalent thermal
circuit in the outer direction for the toroidal transformer is as

Fig. 2. The 2-D axial symmetric geometry of the toroidal transformer.

shown in Fig. 3. The effect of insulation between core lamina-
tions is considered by adding resistances in the inner and outer
directions at the core node. The circuits for the other three direc-
tions are similar with different parameter values. All circuits are
connected at the core (center), producing a cross-shaped equiv-
alent circuit.

The heat flow in the inner and outer regions is a cylindrical
thermal problem whereas that in the top and bottom regions is
Cartesian.

The resistance of the top and bottom insulation layers can be
computed as [14]

(1)

where is the thickness and is the surface area of the insula-
tion layer. The resistance of the inner and outer insulation (cylin-
drical) layers can be computed as

(2)

where OD and ID are the outer and inner diameters of the insu-
lation layer, respectively. is the height of the layer.

The heat loss in the th layer is equal to total heat loss
in the winding times the ratio of the number of turns in the
present layer to the total number of turns in the winding

(3)

Assuming the heat dissipated in the conductor per-unit length to
be constant, times the ratio of a fraction of the length of a
turn in the respective direction to the length of a turn in the

th layer gives the current sources in each directional circuit

(4)

The temperature of the surrounding medium is modeled as an
ideal voltage source since it is assumed that the ambient temper-
ature would not be affected by the presence of the transformer
under consideration. The thermal resistance of the surrounding
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Fig. 3. The 2-D detailed thermal circuit in the outer direction for the toroidal transformer.

medium is highly dependent on the physical state of the medium
(solid (epoxy), liquid (oil), or gas (air)). This resistance can be
nonlinear and its computation is complex as described in the fol-
lowing section.

Since the model deals with steady-state calculations only, no
capacitances are needed in the thermal equivalent circuit. The
algorithm for computing the results is given in Appendix B.

IV. THERMAL RESISTANCE OF THE SURROUNDING MEDIUM

Fluid medium (air, oil) dissipate heat by convection and ra-
diation. Convection is the phenomenon of heat transfer by con-
duction in moving media. Radiation is medium independent and
accounts for 20%–30% of the total heat flux and, hence, should
not be neglected.

This section explains the computation of the heat-transfer
coefficient for natural convection in the laminar regime.

is a function of the geometric arrangement, temperature,
and properties of the convective medium of the surface under
consideration. is given by [14] and [15]

(5)

where is the thermal conductivity of the surrounding medium,
is the characteristic length, and is the Nusselt number. In

general, the relationship between and the Rayleigh number
is given by (6) and depends on the orientation of the surface

under consideration [13]

(6)

For the top surface [13]

(7)

and is the ratio of surface area to perimeter. For bottom sur-
face, 0.27, 0.25, and is the length. For vertical
faces, is the length and

(8)

The expression for is given as follows [14], [15]:

(9)

where is the Grashoff’s number and is the Prandtl
number, given by

(10)

(11)

acceleration due to gravity;

volumetric thermal expansion coefficient;

kinematic viscosity;

specific heat capacity at constant pressure;

dynamic viscosity.

The convective thermal resistance is given by

(12)

The radiative heat-transfer coefficient is calculated as
[14], [15]

(13)

where is the emissivity of the surface with area , dissipating
radiative heat flux; and are the surface temperature and
temperature of the ambient surroundings, respectively; and is
the Stefan-Boltzmann’s constant.

The radiative thermal resistance is given by

(14)

Since convection and radiation occur simultaneously at the
surface, the total thermal resistance of the medium is the parallel
combination of and .

In the case of encapsulation of the transformer, the mate-
rial (epoxy resin) may be treated as a solid insulation medium.
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Fig. 4. FEM model of the toroidal transformer under test.

Hence, would be substituted by (1) and (2) since now the
heat transfer is done by conduction.

V. FINITE-ELEMENT MODEL

A 2-D axisymmetric model of the prototype was built in
COMSOL Multiphysics [12] simulating open-air conditions.
The model shown in Fig. 4 simulates a toroidal transformer
suspended in air to ensure all surfaces contribute to heat dissi-
pation.

The following set of nonlinear equations is solved si-
multaneously with the finite-elements method (FEM): The
Navier–Stokes equation [14]

(15)

the continuity equation

(16)

and the energy equation

(17)

is temperature at a point, is the density, is the pressure,
and is the heat generated. is the velocity field which exists
only for fluid (air or oil) domains and is zero for solid domains.

Fig. 4 shows the FEM surface plot for temperature along
with an arrow plot showing fluid velocity . The lower boundary
of the model is fixed at 1 atm pressure and temperature
at 22 C. The pressure at the top boundary is also fixed at 1 atm
pressure. It is also defined as a heat sink. The vertical surface
is defined as heat insulation (zero temperature gradient). The
vertical surface and transformer surfaces are defined as no-slip

0). Internal boundaries representing interlayer insulation
are defined as thermal resistive boundaries with the thickness
calculated as described in Section II.

It must be noted that the solution of this highly nonlinear
problem of natural convection is time consuming even in the

Fig. 5. Schematic for lab tests performed on the prototypes.

Fig. 6. Placement of thermocouples inside the prototype.

most powerful PC computers [dual Intel Xeon processors run-
ning at 3.33 GHz with 96-GB random-access memory (RAM)]
available today (2011). The FEM model has 4099 second degree
elements and can take a couple of hours for a solution. This so-
lution cannot be included in a design program which may take
several iterations to obtain the final design. Hence, the need for a
simple and accurate model is required which can yield the tem-
perature distribution within the transformer without being com-
putationally intensive.

VI. LABORATORY TESTS

Laboratory tests were conducted on toroidal core prototypes
of various power ratings to verify the proposed model. Fig. 5
presents the test schematic. The prototype (detailed in Ap-
pendix A) was suspended in air to simulate the conditions as
given in Section V. A Yokogawa PZ-4000 power analyzer was
used to measure input and output power of the prototype. A Na-
tional Instruments NI-USB 9213 thermocouple measurement
unit was used to record temperatures on a computer. The pro-
totype has six thermocouples placed at locations internal to the
transformer per Fig. 6. Cross-sections AA’ and BB’ depicted
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Fig. 7. Comparison of temperature distribution along section AA.

Fig. 8. Comparison of temperature distribution along section BB’.

in this figure are used later in Section VII to compare results.
The transformer was fed from a constant voltage source while
the load power was kept constant. The input power, output
power, and the temperatures were recorded at intervals of 30
min until steady state was achieved per IEEE C57 [12]: the
temperature does not change more than 2 C in three hours. The
difference in input and output power is the power dissipated in
the transformer and is responsible for the temperature rise.

The estimation of power loss in individual windings and
layers accurately is essential for this model. The mean length
per turn times the total number of turns per layer would yield
total resistance per layer. From this, the loss can be calcu-
lated precisely.

VII. MODEL RESULTS

This section summarizes the results from the equivalent cir-
cuit, the finite-element simulations, and the lab test on the proto-
type. As shown in Fig. 6, horizontal cross section AA’ is defined
as a line starting from the inner surface to the external surface.
Section AA’ is used to plot temperatures in the inner windings,
core, and outer windings. Fig. 7 presents this comparison. Sim-
ilarly, cross-section BB’ is defined from the bottom to the upper
surface and is used to plot for bottom windings, core, and top
windings. Fig. 8 presents the results along this section.

TABLE I
RESULT COMPARISON FOR VARIOUS PROTOTYPES AND CONFIGURATIONS.

It is observed that the equivalent circuit behaves relatively ac-
curately with the FEM model for the inner, outer, and bottom
windings. The differences in the outer winding are larger. The
prototype test results are also within practical error limits of the
model (maximum differences of 4%). The HST in this trans-
former is located at the inner LV winding. The probe in the pro-
totype was not exactly placed at the location of the hot spot and,
therefore, was unable to catch the HST. In Table I, we report
the maximum temperature measured, which is very close to the
HST.

VIII. TRANSFORMER IN THE ENCLOSURE

Distribution-grade transformers are required to be enclosed in
an airtight metallic enclosure for safety reasons. The enclosure
may be solid (epoxy), liquid (oil), or air filled. The tank pro-
vides additional, although small, thermal resistance to the heat
flux and, hence, raises the operating temperature of the trans-
former. The tank can be modeled as a single lumped resistance
in series with the ambient temperature “voltage” source (Fig. 2),
effectively raising the ambient temperature to given by

(18)

where is the enclosure temperature and is the ef-
fective tank resistance.

The effective tank resistance can be calculated as

(19)

where , , and are the thermal resistances
of the top, bottom, and vertical surfaces of the tank to the ex-
ternal medium. They can be evaluated from (6)–(8).

All equations presented in Section IV are applicable for the
computation of temperature distribution within the transformer
kept in an enclosure with the exception of the ambient temper-
ature. This must equate to the temperature of enclosure
since the transformer is not exposed to the surroundings at am-
bient temperature.

The algorithm to compute is presented in Appendix C.
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Fig. 9. FEM model of the toroidal transformer enclosed in a sealed enclosure
under test.

A. Laboratory Tests

Various laboratory tests were conducted on prototypes (used
in earlier sections) kept in sealed enclosures, to study the de-
rating effect that the tank would have on the transformer. A
dry-type arrangement (air inside enclosure) was used for this
setup. To avoid exceeding the temperature limitations of the pro-
totypes, 75% rated load was used for these tests. The same pro-
cedure, as explained in Section VI, was followed for these tests.

B. Finite-Element Simulations

FEM simulation with the enclosure modeled was used to
compare results between the proposed model and the laboratory
tests. Fig. 9 shows the FEM surface plot for temperature and an
arrow plot for fluid velocity. The boundaries of the enclosure
are closed since the fluid medium inside the enclosure is not
allowed to escape. The equations solved and external boundary
conditions are the same as explained in Section V.

C. Results

Results comparing the steady-state temperature between the
tests, FEM model, and proposed model are given in Figs. 10
and 11. The results are plotted along section AA’ for the hori-
zontal and BB’ for the vertical temperature distribution within
the transformer.

It is observed that the model predicts the temperature varia-
tion very well. The HST occurs at the same location (inner LV
winding) as the transformer exposed to ambient. The maximum
error is less than 4% and is observed around the HST.

Fig. 10. Comparison of the temperature distribution along section AA’ for
transformer in a sealed enclosure.

Fig. 11. Comparison of the temperature distribution along section BB’ for
transformer in a sealed enclosure.

IX. CONSOLIDATED RESULTS

A concise report of all tests conducted on the prototypes is
presented in Table I. Five prototypes (3 standard and 2 encap-
sulated in epoxy) of various power ratings with thermocouples
installed as described in Fig. 6 were tested until steady state was
achieved per IEEE C57 [12]. The load column gives the constant
electrical load connected at the transformer terminals. It is ob-
served that encapsulation or enclosing the transformer leads to
a derating. The comparisons of the HST from the tests, model,
and FEM are provided. It must be noted that all of the results
are within practical engineering error limits (less than 4%).

X. CONCLUSION

This paper has presented a model that provides detailed in-
sight into the variation of temperature within a toroidal trans-
former. The equivalent electrical circuit accurately models the
nonlinear effects of convection and radiation and takes substan-
tially less computational effort when compared to FEM. The
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Fig. 12. Algorithm to compute temperature distribution in a transformer.

new model takes into account all geometric and electric param-
eters, such as physical dimensions, insulation thickness, number
of turns, number of layers, and conductor gauge. The model
accurately predicts the hot spots, and the knowledge is essen-
tial for the transformer designer. The model has been validated
against transient FEM simulations and measurements on actual
transformers. The model proposed in this paper is suitable for a
toroidal transformer design computer program.

APPENDIX A
PROTOTYPE TRANSFORMER DETAILS

120/120-V, 4 kVA, rated current 33.33 A;
core ID: 12.7 cm;
core OD: 22.86 cm;
core height: 7.62 cm;
number of layers in primary and secondary: 2 each;
turn distribution for each layer: ;
conductor gauge: AWG 9;
insulation (Mylar) thermal conductivity : 0.2 [W/(m.
K)];
rated core loss: 14.9 (W);
full-load primary winding loss: 40.8 (W);
full-load secondary winding loss: 48.9 (W).

APPENDIX B

The algorithm to compute temperature distribution within
transformer is given in Fig. 12

APPENDIX C

The algorithm to compute is given in Fig. 13.
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